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a b s t r a c t 

This work investigates the consistency of experimentally determining the laminar burning velocity by 

using two different approaches: the unconfined flame method, based on Schlieren photography of the 

flame front evolution, and the confined flame method, based on pressure rise monitoring during isochoric 

combustion. Radiation corrected laminar burning velocity values were derived by the unconfined flame 

method using linear as well as non-linear stretch relations. Those values were then used as reference for 

evaluating the accuracy of the confined flame method. Laminar burning velocity obtained by the latter 

method were found to depend strongly on the modeled relation between the burned mass fraction x to 

the pressure P . Thus, we compare several x –P relations and show that the popular linear x –P relation 

overestimates the burning velocity by up to 20%. However, by “right parametrization” of a more detailed 

analytical x –P relation, closer results to those obtained by the unconfined flame method may be achieved. 

The favorable usable pressure data range for the confined flame method was also considered and found 

to be in the range of (10% < x < 55%). Moreover, it was found that stretch effects are not totally negligible 

during the confined flame propagation, even for low Markstein length-mixtures. In summary, we suggest 

the analytical confined flame method as we define it in this work, to be a cost-effective and less labor- 

intense alternative to the unconfined flame method for applications where accuracy can be compromised. 

© 2016 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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. Introduction 

One of the probably most important parameters of a com-

ustible mixture is its reaction rate. It dictates the heat release rate

uring the combustion process and is therefore of major interest in

arious engineering applications such as combustion engines [1] ,

urbines, industrial burners, as well as in the fundamental studies,

.g. validation of kinetic mechanisms [2] or turbulent flame mod-

ling [3] . Since the late 18th century, researchers have developed

arious experimental facilities and measuring methods to evalu-

te the planar laminar burning velocity ( S u 0 ), being a direct rep-

esentative of the reaction rate. The knowledge of the exact flame

rea as well as the exact mixture composition entering the flame

s crucial for every burning velocity measurement method. For this

eason, the spherical flame, which propagates in a homogeneous,

nitially quiescent air fuel mixture, has long been considered as a

avorable flame structure for burning velocity determination and

as considered by various researchers [4–40] . Initiated by a spark,

he spherical flame propagates uniformly in all directions enabling

airly accurate determination of its area by the flame radius only.
∗ Corresponding author. 
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t practical laboratory conditions however, the homogeneous air–

uel mixture is usually ignited inside a closed vessel and hence the

eat released during flame propagation causes a pressure raise in-

ide the vessel accompanied also by a temperature increase of the

nburned mixture. Although, it is well known that at early stages

f flame propagation the pressure increase may be assumed to be

egligible and hence the flame propagation is often assumed to be

nconfined [13–40] . Due to this fact, two methods for measuring

 u 0 from spherical flame propagation have evolved in literature,

amely the confined flame (CF) and the unconfined flame (UCF)

ethods. The fundamental difference between those methods is

hat in the former, S u 0 is extracted from the monitored pressure

ise – P ( t ) – inside the vessel, while in the latter method S u 0 is

xtracted from the flame front radius trajectory – R f (t) – usually

btained by high-speed Schlieren photography. For both methods,

everal modeling approaches have showed-up in literature suggest-

ng a relation between the monitored parameters – R f ( t ) or P ( t ) –

o S u 0 . In contrast to the CF method, the UCF method was vastly

sed in the last two decades because UCF modeling approaches

ave accounted for stretch effects present in the spherical flame

onfiguration. This has reduced by far the scatter in published S u 0 
alues and hence the UCF method was widely accepted as an ac-

urate one. Although, recent studies have showed that considerable
. 
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Nomenclature 

Greek symbols 

ϕ equivalence ratio 

ρ density 

δf 0 laminar flame thickness 

ψ relative error as defined in Eq. (26) 

κ stretch rate 

κ̄ mean stretch rate – time averaged 

Symbols 

k u heat capacity ratio of the unburned gas 

k b heat capacity ratio of the burned gas 

k br reduced heat capacity ratio of the burned gas –

see Eq. (25) 

Ka Karlovitz number as defined: Ka b =δf κ/ S b 0, 

Ka u =δf κ/ S u 0 
L b 0 burned gas Markstein length 

L u 0 unburned gas Markstein length 

m mass 

Ma Markstein number as defined: Ma b =L b / δf , 

Ma u =L u / δf 

P i initial pressure 

P pressure inside the vessel during flame propaga- 

tion 

P e adiabatic isochoric equilibrium combustion pres- 

sure 

P r fractional pressure rise P r = ( P −P i )/( P e −P i ) 

R f flame front radius 

R vessel vessel’s radius 

S u 0 laminar burning velocity at initial conditions 

(plane flame) 

S b 0 laminar burned gas velocity at initial conditions 

(plane flame) 

S u 0- streched stretched laminar burning velocity at initial con- 

ditions 

S b 0- streched stretched laminar burned gas velocity at initial 

conditions 

S u Lam. Bur. velocity at elevated temperature and 

pressure 

S f flame front velocity (displacement velocity of the 

flame) 

S g burned gas expansion velocity 

T u unburned gas temperature 

T i initial temperature 

T b average burned gas temperature during combus- 

tion 

T e average burned gas temperature after adiabatic 

Isochoric equilibrium combustion 

x burned mass fraction 

Subscripts 

cf-i confined method – “i ” indicates number 

ucf - i unconfined method – “i ” indicates number 

u unburned gas at any temperature and pressure 

b burned gas at any temperature and pressure 

u 0 unburned gas at initial conditions 

b 0 burned gas property at isobaric combustion 

i initial 

e burned gas property at end of isochoric combustion 

uncertainties are still present due to radiation [4–9] , confinement

[9–18] , and preferential mass diffusion effects [5] , which are not

accounted for in analytical UCF modeling approaches used to ex-

tract S u values from the measured data. The slight pressure rise
0 
ue to confinement and in particular heat loss by radiation from

he burned gas zone contribute both to an continuous increase of

he burned gas density and thus to an inward flow of the expanded

urned gas [4,5,8] . Thereby, the stationary burned gas assumption

ade in the Schlieren-based UCF models is violated. To avoid this

hortcoming, high-speed particle image velocimetry (PIV) may be

sed to directly capture the burning velocity relative to the un-

urned gas [10,11] , thus eliminating any assumptions regarding the

urned gas. Such complication of the experimental setup are un-

voidable when highly accurate S u 0 values are desired, especially

or kinetic models validation [8] . 

Considering the above, it is clear that increasing the accuracy in

easured S u 0 values increases considerably the experimental facil-

ty’s cost as well as data processing complexity. For many engineer-

ng applications e.g. conceptual thermodynamic analysis of com-

ustion devices, the high accuracy in S u 0 is not critical. Instead, a

abor- and cost-effective burning velocity measuring method could

e of favor. This in turn could allow conducting larger numbers of

xperiments enabling to investigate diverse fuel mixtures and com-

inations, which are getting more and more important in the race

or alternative fuels. In contrast to the UCF method, the CF method

oes not require high-speed imaging facility nor image processing

echniques and is therefore considered by some authors as a cost

effective alternative to the UCF method. However, the CF model-

ng approaches are less investigated in literature and make by far

ore assumptions than the UCF models do. In this context, the

ain goal of this work is to assess the accuracy of burning ve-

ocity values obtained by the CF method, compared to those of the

CF method. Such a validation of the CF method has not been suf-

ciently carried out yet and may be of interest for users seeking to

easure a laminar burning velocity cost-effectively compromising

 high level of accuracy. Recent work considering confined flame

pproaches [22–26] usually relayed on detailed numerical simu-

ation to evaluate the burned mass fraction and hence the flame

adii from the measured pressure history. However, a recent work

f Luijten et al. [27] showed that by making slight modifications

o a simple analytical relation between the burned mass fraction

nd the pressure rise, similar results can be obtained compared to

hose of numerical modeling. This provoked the question: whether

odifying the analytical x –P relation presented in [27] may im-

rove accuracy of S u 0 values derived by the CF method while still

aking advantage of a simple analytical approach? 

This work is organized as follows: The methodology section de-

cribes the method and the underlying assumptions made in the

CF vs. CF comparison process. Then, for completeness and read-

rs convenience, the UCF (briefly) and in particular the CF model-

ng approaches used in this work are discussed in the respective

ubsections of the Methodology. Following, the experimental facil-

ty and the data analysis approach are described. Finally, resulting

 u 0 values determined by applying UCF and CF methods and their

ifferent modeling approaches are compared, and possible reasons

or deviations are discussed. 

. Methodology 

The used combustion vessel ( Section 2.3 ) was designed to

ulfill both the CF and UCF model assumptions, and hence al-

owed applying both methods on the same experiment. In this

ay, uncertainties caused by mixture preparation inaccuracies [7] ,

ike initial temperature and pressure, air–fuel ratio, fuel compo-

ition and O 2 :N 2 ratio, were avoided in the comparison between

he CF and UCF methods. The UCF method used with Schlieren

maging was assumed to reveal more accurate results and hence

 u 0 values derived by using it were considered as reference in

valuating the CF method’s accuracy. To minimize the unavoid-

ble uncertainties in the Schlieren-based UCF method caused by
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adiation and confinement, several measures were undertaken.

irst, near-flammability-limit mixtures with low burning velocity

ere avoided [9] . Second, to minimize radiation uncertainty, flame

adii were limited to < 2 cm [4] and the radiation correction corre-

ation suggested by Yu et al. [4] was used to obtain radiation-free

 u 0 ’s. Third, confinement effects were minimized by limiting the

sed flame radii to 30% of the vessels radius [18,19] . Similar, ig-

ition effects were eliminated by using flame radii starting from

8 mm [20,21] . Methane–hydrogen mixtures were chosen for their

ow carbon number to mitigate uncertainties caused by preferen-

ial mass diffusion [5] , as well as for their near-unity Lewis num-

er [8] to avoid strong nonlinear response to stretch. Despite this

act, non-linear stretch relations were still used. In fact, four UCF

tretch models were used to extract the burning velocity for the

ollowing reasons. First: to compare S u 0 values extracted by differ-

nt stretch relations, similar to previous works [12–17] . Second: to

ssess when the burned gas inward flow became significant. This

as referred to the point where S u 0 determined by the four UCF

odels started to deviate, indicating a nonlinear behavior of the

tretched flame speed, that would have in worst case resulted from

he non-linear effect of radiation and confinement [4,5,9,19,15] . 

As to the CF method, three different relations were used to

valuate the burned mass fraction ( x ) from the pressure rise ( P )

easurement. First we use the popular linear x –P approximation

roposed by Lewis and von Elbe [49] . Second a more accurate an-

lytical x –P relation suggested by Luijten et al. [27] was used and

hird, the latter x –P relation was used again, but with slight mod-

fication to account for more detailed chemistry, thermodynamics

nd radiation losses. 

.1. The unconfined spherical flame method 

As the name unveils, the UCF method assumes a spherical flame

ropagating freely in a homogeneous air fuel mixture i.e. constant

ressure and temperature of unburned gas. When neglecting con-

nement in real experiments as well as radiation heat loss, the

urned gas generated behind the spherical flame is stationary and

ence the flame front speed dR f /dt is equal to the burned gas ve-

ocity exiting the flame. In contrast to the planar flame, the prop-

gating spherical flame front is subtracted to surfaces stretch as

t changes its area and curvature continuously. This stretching is

ong known to affect the thermo-diffusive and hydrodynamic na-

ure within and ahead of the flame and hence, the actual burn-

ng velocity and flame thickness are affected too. The main goal

f the various UCF modeling approaches that are discussed here-

nafter, is to provide a relationship between the stretched laminar

urning velocities ( S u 0 -stretch and S b 0 -stretched ) measured in experi-

ents, to the unstretched ones ( S u 0 and S b 0 ). Such relations are

alled hereinafter as unconfined flame modes. Among the pioneers

f this topic, Markstein [28,29] proposed the following empirical

elation: 

 u 0 −st ret ched = S u 0 − L u 0 
2 S b0 

R f 

(1) 

here L u is a measure to quantify the thermo-diffusive effect

n burning velocity, the so called unburned Markstein length.

ater, Frankel and Sivashinsky [30] have solved the govern-

ng conservation equations for a spherical propagating flame

continuity + species conservation + enthalpy) up to first order, i.e.

eglecting terms of O (1 /R f 
2 ) – and obtained Eq.(1) analytically.

hey also obtained a similar relation in terms of the burned gas ve-

ocity [30] denoted hereinafter as unconfined flame model 2 “ucf-

”: 

 b0 −st ret ched = S b0 − L b0 

2 S b0 

R f 

(2) 
e  
here L b is the burned Markstein length (mathematical expres-

ions for Markstein lengths are given in Appendix A ). Clavin

31] solved the conservation equations (also up to first order) in

 more general manner, and proposed Eqs. (3) and (4) – denoted

ereinafter as “ucf-1”. 

 u 0 −st ret ched = S u 0 − L u 0 κ (3) 

 b0 −streched = S b0 − L b0 κ, (4) 

here κ is the stretch rate of a surface element as defined by

arlovitz [32] : 

= 

1 

A f 

d A f 

dt 
= 

1 

4 πR 

2 
f 

d(4 πR 

2 
f 
) 

dt 
= 

2 

R f 

d R f 

dt 
(5) 

For unconfined spherical expanding flames, dR f /dt = S b 0- stretched 

nd hence Eq. (5) can be written as: κ =2 S b 0- stretched /R f . Thus, the

ifference between Eqs. (1) and ( 2 ) and Eqs. (3) and ( 4 ) lies in

he definition of the stretch rate κ , where the former consider it

s κ =2 S b 0 /R f , i.e. the rate of flame curvature change. Nevertheless,

q. (4) in combination with Eq. (5) were widely accepted and used

n the last decade [36–42] . One reason for that may be referred to

ts linear form which simplifies the data fitting procedure. 

It is worth mentioning here that Eq. (3) cannot be con-

erted into Eq. (4) simply by multiplying it by the density

atio ( ρu 0 / ρb 0 ) as it is frequently done [41,42] . In contrast

o the relation S b 0 = ( ρu 0 / ρb 0 ) S u 0 , S b 0 -streched � = ( ρu 0 / ρb 0 )S u 0 -streched 

nd L b 0 � = ( ρu 0 / ρb 0 ) L u 0 . According to the definition of L b 0 and L u 0 
n [30,31] , the following relations can be derived – see Appendix

 : 

 u 0 = 

ρb0 

ρu 0 

L b0 + δ f 0 ln 

(
ρu 0 

ρb0 

)
≡ ρb0 

ρu 0 

L b0 + L ex (6) 

 u 0 −st ret ched = 

ρb0 

ρu 0 

S b0 −st ret ched + δ f 0 ln 

(
ρu 0 

ρb0 

)
κ (7) 

In contrast to L u 0 and L b 0 which reflect the thermo-diffusive na-

ure of the mixture, L ex = δf 0 ln( ρu 0 / ρb 0 ) is a length parameter as-

ociated with the flames expansion ratio and thickness. 

Nevertheless, the derivations of Eqs. (1) –( 4 ) were done for

he case: S u 0 -streched / S u 0 ∼ 1. This simplifying assumption limits

he equations to either weakly stretched flames ( κ → 0) or mix-

ures with L u → 0/ L b → 0. To avoid these limitations, Frankel and

ivashinsky [43] , as well as Chen and Ju [44] , further solved the

onservation equations for a spherical propagating flame beyond

rst order and obtained the following non-linear model (“ucf-3”):

S b0 −streched 

S b0 

)2 

ln 

((
S b0 −streched 

S b0 

)2 
)

= −2 L b0 κ

S b0 

(8) 

A further improvement up on Eq. (8) was proposed by Ron-

ey and Sivashinsky [45] which withdraw the quasi-steady-state

ssumption ( d / dt = 0) within the coordinate system attached to the

oving flame front. They proposed the following non-linear non-

teady model (“ucf-4”): 

S b0 −streched 

S b0 

)2 

ln 

((
S b0 −streched 

S b0 

)2 
)

= 

1 

S b0 

d S b0 −streched 

d R f 

− 2 L b κ

S b0 

(9) 

Eqs. (9) and ( 8 ) were also obtained in their unburned gas forms

y Kelley et al. [17] . As can be seen, the unsteady phenomena

re introduced through the term dS b 0- stretched / dR f . By neglecting it

q. (9) reduces to Eq. (8) . It also can be shown that when the right-

and side of Eq. (8) vanishes, it reduces to Eq. (4) [13,16,15] . Nev-

rtheless, in contrast to the linear stretch relation, the nonlinear

tretch relations – Eqs. (2) , ( 8 ) and ( 9 ) – impose difficulties when

tting experimental data to obtain S b 0 . Therefore, following Kelley

t al. [17] , we use them in their integrated forms. Those can be
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obtained by expanding Eqs. (2) , ( 8 ) and ( 9 ) into a series of inverse

powers of R f . The final integrated forms of Eqs. (2) , ( 4 ), ( 8 ) and ( 9 )

are given respectively: 

R f + 2 L b0 ln 

(
R f 

)
= t · S b0 + const . (10)

R f + 2 L b0 ln 

(
R f 

)
− 4 

L 2 
b0 

R f 

− 4 

L 3 
b0 

R 

2 
f 

= t · S b0 + const . (11)

R f + 2 L b0 ln 

(
R f 

)
− 6 

L 2 
b0 

R f 

− 32 

3 

L 3 
b0 

R 

2 
f 

= t · S b0 + const . (12)

R f + 2 L b0 ln 

(
R f 

)
− 4 

L 2 
b0 

R f 

− 8 

3 

L 3 
b0 

R 

2 
f 

= t · S b0 + const . (13)

By fitting the measured R f (t) curve from the experiment to the

above equations, S b 0 and L b are easily derived as the fitting con-

stants. The unstretched laminar burning velocity is then calculated

from S b 0 according to: S u 0 = ( ρb 0 / ρu 0 ) S b 0 , where the used den-

sity ratios (included in the supplementary material) were evalu-

ated by CANTERA equilibrium calculator in this work. To counter-

act the underestimation in burning velocity caused by neglecting

the radiation-induced inward flow of the burned gases, we use a

correction equation recently suggested by Yu et al. [4] : 

S u 0 _ RC = S u 0 _ Ex + 0 . 82 S u 0 _ Ex 

(
S u 0 _ Ex 

S 0 

)−1 . 14 

(14)

Here S u 0 _Ex is the burning velocity value as derived with aid

of Eqs. (10) –( 13 ), while S u 0 _Rc is the radiation corrected value that

will be used in this work. 

2.2. The confined spherical flame method 

The confined flame propagation differs from the unconfined one

in several aspects. First, the confinement acts against the expand-

ing burned gas and hence dR f / dt is not equal to the burned gas

velocity exiting the flame as it was assumed in the unconfined

flame models. Second, the confinement implies a pressure rise

which is accompanied by a temperature rise due to compression.

Thus, the burned and unburned gas temperature, as well as its

density, continuously increases during flame propagation. Third, in

the analytical confined flame model, flame stretch is neglected, i.e.

S u-streched =S u . This is justified by realizing that during the pressure

rise period, R f is large and the flame front speed dR f / dt strongly re-

duces, thus contributing to a continuously decreasing stretch rate κ
– see Eq. (5) [19,24] . Moreover, the increasing pressure may reduce

the burned Markstein length, e.g., at near-stoichiometric CH 4 –air

mixtures, L b → 0 at T u =358 K, P = 4 bar [46] , which further justi-

fies stretch negligence for some air–fuel mixtures. With the above

mentioned assumptions, the actual flame front velocity – S f – may

be expressed as the sum of the expansion velocity of the burned

gas inside the flame – S g – that pushes the flame front forward, in

addition to the laminar burning velocity – S u – at which the flame

propagates into the unburned mixture: 

S f = S g + S u (15)

where S u =S u ( P,T u ) corresponds to increasing temperature and

pressure of the unburned mixture at every instance, and is not to

be confused with S u 0 which was defined at constant pressure and

temperature of the unburned gas mixture. When using the con-

fined flame model equations, S u is extracted from the experimental

data. To obtain from the latter the corresponding value of S u 0 , the

following relation may be used [22–25] : 

S u 

S u 0 
= 

(
T u 

T 

)a ( P 

P 

)b 

(16)

i i 
For a constant-volume adiabatic combustion, the unburned

as temperature rises due to isentropic compression and hence

q. (16) can be rewritten in the following form: 

S u 

S u 0 
= 

(
P 

P i 

)α

(17)

here, α= a (( k u − 1)/ k u ) + b . Practically, by obtaining S u from the

xperiment as function of pressure, S u 0 can be obtained by fitting

he S u ( P ) curve to Eq. (17) and extrapolating it back to initial pres-

ure . 

Nevertheless, Eq. (15) cannot be used directly to derive S u be-

ause S g cannot be obtained from direct measurement. Hence,

t must be deduced from the measurable data by an appropri-

te modeling of the isochoric combustion process. Such confined

ame modeling approaches have been developed and optimized

y many researchers [47–50] . In general, by defining the laminar

urning velocity as S u = −m u /( ρu A f ) and the burned mass fraction

s x = m b /( m u + m b ), the following equations for the burning veloc-

ty and the flame radius may be obtained [48,38,50] . 

 u = 

dx 

dt 

R 

3 
v essel 

3 R 

2 
f 

(
P i 
P 

)1 / k u 

(18)

R f 

R v essel 

= 

[(
1 −

(
P i 
P 

)1 / k u 

( 1 − x ) 

)]1 / 3 

(19)

Combining Eqs. (18) and ( 19 ) results in the following expres-

ion: 

 u = 

d R f 

dt 
−

R 

3 
v essel 

− R 

3 
f 

3 P k u R 

2 
f 

dP 

dt 
(20)

Eq. (20) is known as the Fiock and Marvin expression [47] and

onsists only from measurable parameters like pressure P and

ame radius R f . It can be easily shown that the form of Eq. (20) is

dentical to Eq. (15) , where dR f / dt is S f and the second term on the

ight-hand side is S g related to the pressure rise inside the vessel.

owever, Eq. (20) has two main drawbacks which make it prac-

ically unusable when accurate measuring of the laminar burning

elocity is required. The first drawback is that S u is obtained from

ubtracting two parameters of a similar magnitude ( S f ≈ S g >>

 u ) [47] . Any error in either S f or S g assessment due to inaccura-

ies in pressure measuring or flame front position determination

ill strongly affect the resulting S u . The second drawback is that

t requires simultaneous and synchronized flame front filming and

ressure monitoring. Both magnitudes ( R f & P ) have to change con-

iderably over the measurement period to enable the determina-

ion of fairly accurate derivatives ( dR f / dt and dP / dt ). According to

q. (19) , this turns out to be only possible at flame radii between

0–70%R vessel . However, conventional optical access (flat windows)

f this size may disturb the spherical flame shape. 

It is possible to develop more usable expressions for the lam-

nar burning velocity that are free from the above mentioned

rawbacks. However, this requires the knowledge of the burned

ass fraction x at any time during flame propagation. Although

he latter cannot be measured directly, it can be related to

he pressure rise inside the vessel. Consequently, considering x

o be obtainable from pressure monitoring only i.e. x = x ( P ) and

x / dt = ( dx / dP )( dP / dt ), O’Donovan and Rallis [48] derived the fol-

owing equation from Eqs. (18) and ( 19 ), which requires pressure

easuring only. 

 u = 

dP 

dt 

dx 

dP 

R v essel 

3 

[
1 −

(
P i 
P 

)1 / k u 

( 1 − x (P ) ) 

]−2 / 3 (
P i 
P 

)1 / k u 

(21)

Moreover, using x = x(P) in combination with Eq. (19) , the

tretch rate can be obtained from the measured pressure rise: 
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≡ 2 

R f 

d R f 

dt 
= 

dP 

dt 

dx 
dP 

+ 

1 
P 

1 
k u 

(1 − x ) 

3 
2 

((
P 
P i 

)1 / k u − ( 1 − x ) 

) (22) 

Several effort s have been made to relate the burned mass frac-

ion x to the pressure rise during the constant volume combustion.

he most popular approach was suggested by Lewis and von Elbe

49] . They proposed a linear approximation relating x to P as fol-

ows: 

 = 

P − P i 
P e − P i 

(23) 

This simple linear relationship is obtained however by applying

wo limiting assumptions and hence, Eq. (23) will be called here-

fter as the linear x –P approximation. The first assumption is that

he temperature of the burned gases is uniform within the burned

as zone and constant during the whole flame propagation - equal

o that at the end of combustion ( T b =T e ). In reality, the average

urned gas temperature T b rises as the burned gases are continu-

usly compressed due to the pressure rise inside the vessel. More-

ver, the fact that burned gas residing in smaller radii shells under-

oes a larger compression than the burned gas at outer shells con-

ributes to a temperature gradient through the burned gas zone.

t the end of combustion, the burned gases temperature at the

enter of the vessel exceeds the burned gas temperature close to

he vessel’s wall by up to 500 °C [22,27,51] . The second even more

roblematic assumption made to develop the linear x –P approxi-

ation is that the unburned gas remains at the initial temperature

T u =T i ), whereas in reality it is also compressed by the expand-

ng burned gases and thus its temperature continuously increases.

eing aware of the above mentioned assumptions, Lewis and von

lbe limited their x –P approximation to the initial part of flame

ropagation, where x < 1% [50] . Unfortunately, Eq. (21) is unprac-

ical for the initial part of flame propagation, where the pressure

ise rate is hardly measurable. In fact, at low pressure rise, both

P/dt and the term in the square brackets vanish simultaneously

 S u =∼0/ ∼0). Hence, any measurement error would contribute to a

trong overestimation or underestimation in the predicted S u value.

o avoid this problem, several authors [19,52,53] have used the lin-

ar x –P approximation in combination with Eq. (21) for x > 1% ig-

oring the validity range of Eq. (23) . 

A more accurate x –P relation that took into account the temper-

ture rise in both the burned gas zone and the unburned gas zone

as proposed by Luijten et al. [27] . They also have considered en-

rgy conservation in the whole combustion vessel and ended up

ith the following analytical x–P relation: 

x = 

P − P i · f (P ) 

P e − P i · f (P ) 

f (P ) = 

(
k b − 1 

k u − 1 

)
+ 

(
k u − k b 
k u − 1 

)(
P 

P i 

) k u −1 
k u 

(24) 

here k u is the heat capacity ratio of the unburned gas and

 b – the heat capacity ratio of the burned gas. Eq. (24) is the

ost accurate x–P relation obtainable using analytical equations

nd hence is called hereafter as the ‘analytical x–P relation’. It is

alid over the entire flame propagation range 0 < x < 1, or alter-

atively P i < P < P e . It is noted that by substituting k u = k b = 1 in

q. (24) , it reduces to the linear x–P approximation – Eq. (23) . 

Nevertheless, the above x–P relations – Eq. (23) and Eq. (24) –

ere derived using a two-zone model, where the reaction interface

eparates between a burned gas zone and an unburned gas zone,

ach with constant caloric properties. Further modifications can be

ade by using numerical multi-zone x–P relations that account for

he previously mentioned temperature gradient in the burned gas

one as well as for temperature-dependent caloric properties and
issociation. Luijten et al. [22,27,54] investigated how various re-

nements, like those mentioned, affect the x–P relation. They also

ompared their analytical x–P relation – Eq. (24) – with numeri-

al ones assumed to be more accurate as they capture more de-

ailed chemistry and thermodynamics. Their results showed that

here is a considerable difference between the linear x–P approx-

mation – Eq. (23) – and the two-zone analytical x–P relation –

q. (24) – especially at the mid-pressure range. Also, they showed

hat there is no detectable difference between an analytical two-

one and an analytical multi-zone model. This implies that the ef-

ect of temperature gradient within the burned gas zone is mi-

or compared to the rise in the average burned gas temperature

hat was taken into account in the two-zone analytical x–P rela-

ion – Eq. (24) . The numerical models, especially those which in-

luded dissociation, further deviated from the analytical x–P rela-

ions. While including dissociation strongly affects the x–P relation,

hanging caloric properties has showed a weaker effect. Their re-

arkable finding however was that further detailing the thermo-

ynamics and chemistry in numerical models has an equivalent

ffect as reducing the burned gas specific heat ratio k b used in

he analytical x–P relation – Eq. (24) . Moreover, when evaluating

he flame front radius from Eqs. (19) and ( 24 ), it can be shown

hat by reducing the k b value the resulting flame radius R f is un-

erestimated. Bearing in mind that radiation heat losses from the

urned gas zone also contribute to a retarded expansion, it follows

hat by reducing the k b parameter, a radiation-like effect may be

roduced. Considering the above findings, in this work we use the

nalytic x–P relation – Eq. (24) once with the k b parameter corre-

ponding to the actual burned gas state, and after that – with a

educed value of k b (denoted as k br ) as an alternative to a more

etailed-thermodynamic & chemistry x–P relation. 

The magnitude of k b reduction however remains questionable

nd is for sure individual for each case. Moreover, it also changes

ver the flame propagation period due to continuously changing

quilibrium conditions in the burned gas zone as well as changing

adiation heat loss intensity. Since detailed numerical flame prop-

gation simulations capable of capturing some of the mentioned

ffects are out of the current work’s scope, a case-dependent k b re-

uction is not provided. Instead, a reasonable k b reduction method

as selected based on the work of Van den Bulck [55] . He shows,

or example, that for stoichiometric Methane combustion a re-

uced k b of 1.06–1.10 would be more appropriate than the actual

 b ∼ 1.22. Considering the latter result and the fact that k br is

hysically bounded in-between 1 and k b , the following k b reduc-

ion approach was used in this work. 

 br = 

1 + k b 
2 

(25) 

The required thermodynamic properties – P e , k u and k b – were

etermined using the CANTERA equilibrium calculator. Unlike P e 
hich is a property at well-defined conditions, k u and k b change as

he temperature increases due to the pressure rise and thus mean

alues are taken. k u is evaluated at 400 K which corresponds to a

ressure rise of P ≈ 2.9 P i . k b is evaluated as the average of k b at the

sochoric burned gas condition (k be ) and that at isobaric burned

as conditions ( k b 0 ) . This averaged value – k ba – is considered

o correspond to the actual burned gas. The reduced k b parameter

 k br ) is then evaluated from k ba according to Eq. (25) . The values

f the above mentioned parameters are given in the supplemen-

ary material. 

.3. Experimental facility 

A 1-l (Ø 124.2 mm) spherical closed combustion vessel was

esigned for the purpose of this study. On both sides of the

essel 8 mm-thick windows were made for optical access. The
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Fig. 1. Combustion vessel and Schlieren system layout. 1 – point light source, 2 and 

3 – parabolic mirrors, 4 – black dot on a glass sheet, 5 – aspheric lens, 6 – camera, 

7 – teflon insulation, 8 – electrodes, 9 – glass windows, 10 – combustion vessel, 11 

– Pressure transducer. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Pressure history during the combustion event. The pressure curve deriva- 

tives and the Su( t ) curve are also showed. (For interpretation of the references to 

color in this figure, the reader is referred to the web version of this article.) 

Fig. 3. Burning velocity vs. pressure inside the vessel. (For interpretation of the ref- 

erences to color in this figure legend, the reader is referred to the web version of 

this article.) 
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windows aperture diameter is 2 ′′ which corresponds to 40% of the

vessels diameter. This was a compromise between providing win-

dows large enough to observe the flame growth during the uncon-

fined propagation, while keeping effect of the flat windows on the

vessel’s spherical shape minor enough to assume a spherical flame

shape during the confined flame propagation. The vessel was made

from aluminum with an anodize coating. The pressure rise was

monitored using a piezoelectric pressure transducer KISTLER 7613C

connected to a charge amplifier KISTLER 5010. The combustible

mixtures were ignited in the center of the combustion vessel us-

ing Ø 1 mm tungsten electrodes. The spark was generated using

a commercial AEM IGBT “SMART” coil. The gap between the elec-

trodes was set to ∼1 mm. A Z-type Schlieren system was used to

visualize the flame front. Two 3 in. on-axis parabolic mirrors were

used. The largest possible focal length was chosen to reduce the

stigmatism effect caused by using on-axis mirrors in an off-axis

configuration. A 440 mW white LED light was used as a point light

source. Flame propagation was filmed at 80 0 0 fps using a PHAN-

TOM V7 high-speed camera. A cutoff of the vessel and a scheme

of the Schlieren system are shown in Fig. 1. 

Instead of a knife-edge typically used to produce a Schlieren

image, a Ø 3 mm black-dot was drawn on a glass sheet and located

at the focal point of the second parabolic mirror. In such a way the

Schlieren image was found to be sharper, brighter and with more

contrast compared to the image produced using a knife edge. 

All air–fuel mixtures tested in this work were prepared ac-

cording to the partial-pressure technique. Fuel mixtures containing

more than one component e.g., CH 4 –H 2 were first premixed in a

0.8 l pre-chamber, and then mixed with air in the main combus-

tion chamber. In contrast to pre-defining the equivalence ratio and

then filling the chamber as it is commonly done in other works,

the equivalence ratio of the mixture was evaluated after the filling

process based on the measured partial pressures of air and fuel in-

troduced into the combustion chamber. In this way, uncertainties

from inaccurate control of the filling valves were eliminated. This

filling approach did not allow reproducing identical equivalence ra-

tios and hence repeatability test for a given equivalence ratio could

not be done. Instead, repeatability was assessed by doing many

experiments at different equivalence ratios ( ∼30 for each fuel),

thereby covering the equivalence ratio range with sufficient num-

ber of measurement points. This in turn, provided a good overview

of the scatter – see Figs. 6–9 . Before filling the combustion vessel,

it was evacuated down to 5 Torr, flushed with air to clean com-

bustion residuals and re-evacuated. To ensure proper mixing, the

vessel was first filled with the gaseous fuel followed by clean air

(composed of 21% O 2 and 79% N 2 ). The clean air was introduced

until the combustion vessel’s pressure reached 0.95 bar. To reach

the initial pressure requirement of approximately 1 bar, additional

air was introduced from the surroundings which had a constant
mbient pressure of 0.983 bar. Although the 1 bar target was not

eached, this filling method was preferred because taking the am-

ient pressure as a reference allowed us to reproduce identical ini-

ial pressures, which is extremely important for the confined flame

ethod. 

.4. Data analysis 

Figure 2 shows the monitored pressure data during the whole

ame propagation period. The measured raw pressure (black) was

ltered with a low-pass filter and phase corrected to reduce a typ-

cal high-frequency noise caused by the data acquisition system.

he pressure derivative was calculated from the filtered pressure

ata (red). Calculating the derivative from the raw pressure data

ould magnify the noise. Then, Eq. (21) along with Eq. (24) were

pplied on the filtered pressure data and its derivative to ob-

ain the S u ( P ) curve shown in Fig. 3 . The 1D laminar burning

elocity at initial conditions – S u 0 – was then obtained by fit-

ing the S u ( P ) curve to Eq. (17) and extrapolating it back to the

nitial pressure. The pressure range used for the fitting process

10% < P r < 55% ) is indicated by the arrows in Figs. 2 and 3 . The

ower limit ( Pr = 10%) was set by two considerations. First, it has to

e noted that Eq. (21) is highly sensitive to low-pressure data, be-

ause both the nominator term ( dP/dt ) and the denominator term

the term in the square brackets) vanish at low pressure. At the

imit of P r → 0, S u should be equal to S . However, under practi-
u 0 
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Fig. 4. Selected Su(P) curves for 70%CH 4 –30%H 2 –air mixtures showing rapid in- 

crease in burning velocity due to the onset of cellularity. The curves correspond 

to: down-up: 	= 0.690, 0.734, 0.820, 0.893, 1.046, 1.114. 
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Fig. 5. Selected unconfined flame model fittings to measured data – validation of 

compression- and ignition – effect free data range. 
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Fig. 6. Laminar burning velocities obtained by different methods for CH 4 –air mix- 

tures. 
al conditions this limit cannot be reached. Any inaccuracy in dP / dt

ike noise or bias causes the limit to shift or even explode in some

ases. Depending on the pressure-transducer’s accuracy, dP/dt can

e accurately determined starting from P r > 5%. The second consid-

ration for the lower data limit is the elimination of stretch effects

hich are not accounted for in the confined flame method. The

pper limit ( P r = 55% ) corresponds to the point where heat loss to

he vessels wall could not be neglected anymore. In fact, the strong

ecrease in burning velocity observed at P r > 60% ( Figs. 2 and 3 )

s believed to results from to the increased heat loss to the ves-

el’s wall caused by the closely approaching flame front ( R f / R vessel 

 0.9). The heat transfer is believed to be attributed by two main

easons. First, the large flame area at the late stages of flame prop-

gation contributes to higher radiation heat losses, which affects

he overall pressure rise in the vessel. The point where this ef-

ect becomes significant can be referred to the moment when the

ressure derivative maximizes P r ≈ 75%, i.e. does not continue to

ncrease, whereas without heat loss it would – Fig. 2 . The sec-

nd heat transfer mechanism is a conductive heat loss from the

ompressed hot unburned gas residing between the flame and

he vessels wall. This results in an non-isentropic compression of

he unburned gas and hence the S u (P) curve does not follow the

redicted path defined by Eq. (17) – ( Fig. 3 – the section residing

ithin 60% < P r < 75%). The moment where the separation of the

easured S u ( P ) curve from eq.(17) occurred was found to correlate

ith the moment when the second derivative of the pressure curve

aximizes - see P r ≈ 60% in Fig. 2 . Consequently, P r ≈ 55% was cho-

en to indicate the time after which heat losses were considered

ot-negligible. Further reducing the upper limit may mitigate in-

ccuracies caused by the heat losses, but has to be compromised

ith the reduced usable data range available for the fitting proce-

ure of the S u ( P ) curve to Eq. (17) . 

An additional fact worth to mention is the onset of cellularity

hich occurs for hydrogen-enriched mixtures. Figure 4 shows se-

ected S u ( P ) curves for 70% CH 4 –30% H 2 –air mixtures. It can be

learly seen that for lean mixtures a rapid increase in burning

elocity occurs towards the end of the combustion process. This

oint indicates the onset of cellularity. For rich mixtures, cellular-

ty did not occur as anticipated. At the given experiment conditions

n this work, cellularity, when it occurred, started after P r ≈ 60%

nd hence was out of the used data range. When cellularity is con-

ained in the used data, it leads to overestimation of the extracted

aminar burning velocity by up to 100% [56] . 

To obtain the laminar 1D burning velocity according to the un-

onfined flame method, the R f ( t ) curves were first obtained from

he Schlieren images based on a predetermined threshold on the
ixels gray-color-number. After locating the flame front, a best cir-

le fit was made and its radius was considered as the flame radius

 f . Next, the R f ( t ) curve was fitted to Eqs. (10) –( 13 ), from which S u 0 
nd L b 0 were then obtained as the fitting constants. Figure 5 shows

he measured dR f /dt in addition to extrapolated dR f /dt curves ac-

ording to Eqs. (10) –( 13 ). It can be seen from the measured points

hat compression and ignition effects were not noticeable in the

elected data range. 

. Results and discussion 

Figures 6 and 7 show laminar burning velocity values obtained

ith the confined and unconfined flame methods and their dif-

erent models. The R f ( t ) curve obtained from the Schlieren images

ere analyzed according to the unconfined flame models: ucf-1,

cf-2, ucf-3 and ucf-4 ( Eqs. (10) , ( 11 ), ( 12 ) and ( 13 ), respectively).

he pressure trace P ( t ) was analyzed according to the confined

ame model – Eqs. (21) and ( 24 ) – along with three different pa-

ameterizations for the analytical x–P relation – Eq. (17) : First, to

eproduce the linear x–P approximation, k u and k b were set to zero

case cf-1). Second, the actual k u and k ba parameters of the mix-

ure were used (case cf-2). Third, the actual k u and the reduced k br 

arameter were used (case cf-3). 

To provide clearer insight into the differences of the burning

elocity values, a parameter ψ was defined as the relative devi-

tion from the burning velocity value derived by the non-linear
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Fig. 7. Laminar burning velocities obtained by different methods for 70%CH 4 –

30%H 2 –air mixtures. 

Fig. 8. Relative deviation in burning velocity obtained by different methods and 

models. Mixture: CH 4 –air. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9. Relative deviation in burning velocity obtained by different methods and 

models. Mixture: 70% CH 4 –30% H 2 –air. 

Fig. 10. Markstein lengths of CH 4 –air mixtures. 

Fig. 11. Markstein length of 70%CH 4 –30%H 2 –air mixtures. 
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non-steady unconfined flame model ( Eq. (13) ). Bearing in mind

that Eq. (13) was derived from the most detailed mathematical

model, S u 0- ucf -4 is considered as the most accurate burning velocity

value in this work. 

ψ i = 

S u 0 −i − S u 0 −uc f −4 

S u 0 −uc f −4 

(26)

Figures 8 and 9 show the obtained ψ values for the different

modeling approaches considered in this study. 

The burned and unburned Markstein lengths are shown in

Figs. 10 and 11 . L b 0 was directly deduced from the unconfined

flame models. L u 0 was then calculated from L b 0 according to

Eq. (6) , where the necessary L ex parameter was evaluated using

CANTERA. As can be seen from Figs. 10 and 11 , the investigated

CH 4 –air and CH 4 –H 2 –air mixtures have very low Markstein lengths

(I L b I < 0.05 cm) in the lean region ( 	 < 1). For these low burned

Markstein lengths, the burning velocities obtained by all four un-

confined flame model equations are almost identical, as can be

seen in Figs. 8 and 9. 

As the mixture gets richer and the burned Markstein length

increases, it can be seen that the linear stretch relation starts to

overestimate both the burning velocity and the Markstein length.

In contrast, the non-linear models ucf-2, ucf-3 show closer results

to ucf-4. Figure 12 shows ψ -ucf-i as function of Ma b Ka b ≈ L b0-ucf-i ∗
K ucf-mean /S b0-ucf-i ≈ L b 0 -ucf-i / R f_mean . As can be seen, for low values

of Ma b Ka b , the deviation resulting from different UCF models is mi-

nor. Remarkably, ucf-2, which was proposed empirically by Mark-
tein, reveals the close results to the most detailed model – ucf-4.

hese results are in agreement with previous works [12,14] . 

When considering the burning velocities obtained with the con-

ned flame method, several trends can be observed. First, it can be

een in Figs. 6–10 that using the linear x–P approximation overes-

imates the burning velocity upon that obtained with the analyt-

cal x–P relation –see ψ -cf-1 and ψ -cf-2 . It can also be seen that

hen the k parameter is used, the obtained burning velocity is
br 
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Fig. 12. Relative deviation between different unconfined flame models as function 

of Ma b ·Ka b ≈ L b0-ucf-i ∗ K ucf-mean /S b0-ucf-i . Filled symbols: CH 4 –air mixture; open sym- 

bols: 70%CH 4 –30%H 2 –air mixture. 
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Fig. 13. The trend of ψ -cf-i as function of L u0 κ /S u0-ucf-4 . Filled symbols: CH 4 –air 

mixture; Open symbols: CH 4 –H 2 –air mixture. 
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urther reduced – see ψ -cf-3 . From sensitivity analysis conducted

n S u 0 -cf-2 and S u 0 -cf-3 with respect to k u and k b it can be shown

hat reducing/increasing k b by 1% reduces/increases S u 0 -cf-2 and

 u 0 -cf-3 by ∼0.68%, and that reducing/increasing k u by 1% in-

reases/reduces S u 0- cf-2 and S u 0- cf-3 by ∼0.16%. In contrast, S u0-cf-1 

educes/increases by ∼0.55% when reducing/increasing k u by 1% . 

To assess whether the reduction of k ba to k br had a positive

ffect on accuracy of S u 0 assessment, we should recall how ne-

lecting the stretch in the confined flame method has affected the

esults, in particular, whether S u 0- cf-i ’s were underestimated or

verestimated by neglecting stretch. According to Eq. (3) , if the

∗L u is positive, we should expect S u 0- cf-i ’s to be underestimated,

.e. lower than the stretch-free S u 0- ucf-i ’s. Given that Ƙ is positive

or outwardly expanding flames and that L u is positive (see Figs.

0 and 11 ) during the unconfined flame period and hence most

ikely will remain positive also during the confined flame period,

e may expect S u 0 -cf-i ’s < S u 0 -ucf-i ’s . Although this is not seen

n the results due to a possible bias error, but the trend of re-

ucing k b has clearly a positive effect towards achieving the lat-

er expectation. The parabolic shape of the ψ -cf-i’ s curves is be-

ieved to be due to increased stretch-neglecting effects for the off-

toichiometric mixtures. To asses this issue, we shall develop the

ollowing equation based on Eq. 3 : 

 cf −i ≡
S u 0 −cf −i − S u 0 −ucf −4 

S u 0 −ucf −4 

∝ L u 0 
κ

S u 0 −ucf −4 

(27) 

Here S u 0- cf-i is considered as the stretch affected burning ve-

ocity and S u0-ucf- 4 as the stretch-free one. L u is the unburned

arkstein Length as evaluated by Eq. (6) and κ̄ is the time-

veraged stretch rates during the confined flame period evaluated

y Eq. (22) . κ̄ was found to range from 13 to 48 1/s for the in-

estigated mixtures. Figure 13 shows the plots of Eq. (27) for both

H 4 –air and CH 4 –H 2 –air mixtures. 

As can be seen, the trend indicates that ψ -cf-i behaves simi-

ar to L u 0 κ̄ /S u 0- ucf- 4 , or alternatively Ma u Ka u . Hence, we may sug-

est that the parabolic shape of the ψ cf-i curves in Figs. 8 and

 are caused by increasing stretch-neglecting effects in the con-

ned flame method. 

. Conclusions 

This work investigated the accuracy and trends of the burning

elocity values determined by the confined flame method, with re-

pect to the unconfined flame method, which is considered to be

ore accurate. For each method, several modeling approaches for
urning velocity extraction from the measured data were investi-

ated as well. 

For the unconfined flame method, the burning velocities ex-

racted using linear stretch relation was overestimated compared

o those extracted with non-linear models for increasing values

f | Ma b Ka b | ≈ | L b 0 ̄κ /S b 0 | ≈ | L b 0 / R f_mean | . This was found to be

n agreement with previous works [12–17] . The three non-linear

tretch relations investigated revealed close results for | Ma b Ka b |
 0.05. 

When the confined flame method was used, the burning ve-

ocity was obtained from the measured pressure rise P(t) as de-

cribed in Section 2.2 . The pressure data range appropriate for us-

ng was found to be within 10% < P r < 55%. The lower limit is set

y the signal-to-noise limitations in pressure measurement and

he upper-limit is imposed by increased heat losses to the vessels

all. Using the linear x–P approximation showed a strong overes-

imation in the resulting burning velocity, which could be reduced

y applying the more accurate analytical x–P relation. Also, it was

bserved that by reducing the k b parameter in the analytical x–

 relation below the value corresponding to the burned gas state

ontributed to a further reduction in overestimation and for that

pproach the burning velocity values obtained by CF method were

losest to those obtained by the UCF method. Consequently, reduc-

ng the k b parameter may be considered as a method to counter-

ct the negligence of detailed thermodynamic properties, detailed

hemistry, as well as radiation losses in the CF method. Moreover,

t was also observed that although mean stretch rates are very

ow during the confined flame propagation period ( ̄κ < 45 1/s), the

tretch effect is not totally negligible even for the low Markstein-

umber-mixtures used. 

We conclude that the analytical confined flame method, if ap-

lied as proposed in this work, could be a cost-effective and less

abor-intense alternative to the unconfined flame method, when

ccuracy can be compromised. Reasonable consistency between

 u 0 obtained by both methods may be achieved by proper anal-

sis of the measured pressure curve, provided stretch effects can

e neglected in the confined flame period. Stretch effects can be

urther reduced by increasing the vessel radius. The latter is lim-

ted however, because it leads to longer flame propagation dura-

ion, subsequent rise of radiation heat losses and possible occur-

ence of buoyancy and cellularity. 
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Appendix A 

The unburned Markstein length as given by [30] and [31] : 

L u 0 
δ f 0 

= 

(
ρu 0 

ρu 0 − ρb0 

)
ln 

(
ρu 0 

ρb0 

)

+ 

(
ρb0 

ρu 0 − ρb0 

)
β( Le − 1 ) 

2 

∫ ( ρu 0 −ρb0 ) / ρb0 

0 

ln (1 + x ) 

x 
dx (A.1)

The burned Markstein length as given by [30] and [31] : 

L b0 

δ f 0 

= 

(
ρu 0 

ρu 0 − ρb0 

)
ln 

(
ρu 0 

ρb0 

)

+ 

(
ρu 0 

ρu 0 − ρb0 

)
β( Le − 1 ) 

2 

∫ ( ρu 0 −ρb0 ) / ρb0 

0 

ln (1 + x ) 

x 
dx (A.2)

By defining L ex as following we get: 

L ex = L u 0 − ρb0 

ρu 0 

L b0 

= δ f 0 

(
ρu 0 

ρu 0 − ρb0 

)
ln 

(
ρu 0 

ρb0 

)
− δ f 0 

ρb0 

ρu 0 

(
ρu 0 

ρu 0 − ρb0 

)
ln 

(
ρu 0 

ρb0 

)

= δ f 0 ln 

(
ρu 0 

ρb0 

)[ (
ρu 0 

ρu 0 − ρb0 

)
−

(
ρb0 

ρu 0 − ρb0 

)] 

= δ f 0 ln 

(
ρu 0 

ρb0 

)
(A.3)
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